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In this paper, an investigation of fatigue crack propagation in rectangular plates containing an inclined surface crack is
presented. A criterion for the three-dimensional stress state is proposed to predict fatigue crack initiation angles. It is
assumed that the direction of crack initiation coincides with the direction of the minimum radius of the plastic zone deﬁned
by the von Mises yield criterion. The maximum energy release rate criterion, i.e., Gmax criterion, is extended to study the
fatigue crack growth characteristics of mixed mode cracks. A modiﬁcation has been made to this criterion to implement the
consideration of the plastic strain energy. Subsequently, this concept is applied to predict crack growth due to fatigue
loads. Experiments for checking the theoretical predictions from the proposed criterion have been conducted. The results
obtained are compared with those obtained using the commonly employed fracture criteria and the test data.
 2007 Elsevier Ltd. All rights reserved.
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The problem involving mixed mode fracture has been given special attention in the recent years due to its
close proximity to realistic conditions in engineering structures. Much research in this ﬁeld has been done
(Christensen, 2003; Weick and Aktaa, 2003; Dahlin and Olsson, 2004; Petti and Dodds, 2005; Jayadevan
et al., 2006) and some criteria for predicting the direction of the crack initiation angle and critical fracture load
of materials have been set up by means of energy principles and the stress approach. Sih (1973, 1974) estab-
lished the minimum elastic strain energy density criterion (S-criterion). The S-criterion shows that the crack
initiation takes place along the direction with the minimum strain energy density around a crack tip and a
crack extension starts in the initiation direction when strain energy density reaches a critical value. Kong
et al. (1995) investigated eﬀects of triaxial stress on mixed mode fracture and presented a maximum stress tri-
axiality criterion (M-criterion). It is assumed that the direction of initial crack extension coincides with the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.021
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Notation
a half length of the starter notch
b depth at the center line of the starter notch
G energy release rate
Gcr critical value of energy release rate
kjc critical values of the stress intensity factor for mixed mode fracture
kj stress intensity factors of mode I, mode II and mode III (j = 1, 2, 3)
Dkj ranges of stress intensity factors (j = 1, 2, 3), MPa
p
m
M stress triaxiality ratio
rp minimum plastic zone radius around the crack tip
S strain energy density factor
DS range of strain energy density factor
x, y, z Cartesian coordinates
b loading angle
r, h, / spherical coordinates at the crack front
h0, /0 angles of fatigue crack growth
r applied stress
Dr range of the applied stress given by the diﬀerence between rmax and rmin
req von Mises equivalent stress at the crack tip
rH hydrostatic stress
ry yield stress
L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456 8441direction of maximum stress triaxiality along a constant radius around the crack tip. However, these two cri-
teria are applied in the same manner, i.e., by employing an idealized continuum condition based on the theory
of elasticity and assume a constant radius for the plastic zone at the crack tip. In practical, all materials present
a certain extent of non-linearity in their stress–strain curves before fracture. Therefore, we have to deﬁne the
elasto-plastic boundary before applying any of the fracture criteria.
In the present investigation, the behaviour of fatigue crack propagation of rectangular plates, each con-
sisting of an inclined semi-elliptical crack, subjected to axial loading was investigated experimentally and
theoretically. The inclined angle of the crack with respect to the axis of loading varied between 0 and 90.
The AC potential drop (ACPD) technique (Dover et al., 1980) was employed to monitor the fatigue crack
propagation through the measurement of crack proﬁle and the corresponding number of load cycles
during the fatigue test. In this study, a variable radius for the plastic zone is introduced and a three-
dimensional radius criterion (r-criterion) based on the shape of the crack tip plastic zone is proposed.
It is assumed that the direction of crack initiation coincides with the direction of the minimum radius
of the plastic zone deﬁned by the von Mises yield criterion. Furthermore, the maximum energy release
rate criterion, i.e., Gmax criterion, is extended to study the fatigue crack growth characteristics of mixed
mode cracks. A modiﬁcation has been made to this criterion to implement the consideration of the plastic
strain energy. Subsequently, this concept is applied to predict crack growth due to fatigue loads. The
results obtained are compared with those obtained using the commonly employed mixed mode fracture
criteria and the experimental data.
2. Radius of crack-tip plastic zone
Consider elasto-plastic fracture of a plate with an inclined semi-elliptical crack, as shown in Fig. 1. The
local stresses on an element near the border of an elliptical crack can be expressed in terms of the spherical
coordinates (r, h, /), as shown in Fig. 2, and they were given by Sih (1975) as follows:
Fig. 1. Details of the specimen geometry.
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For the present problem, the parameters k, j and kj-factors are as follows:k ¼ cos/ ð2aÞ
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Fig. 2. Crack front coordinates and loading system.
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ð3cÞwhere k1, k2 and k3 are the mode I, mode II and mode III stress intensity factors, respectively, and a is an angle
that determines the location along the crack periphery, as shown in Fig. 2. The quantities K(k) and E(k) are
complete elliptic integrals of the ﬁrst and second kinds associated with the argument k = [1(b/a)2]1/2 where
k 02=1k2.
The von Mises yield criterion can be written in the following form:ðrn  rtÞ2 þ ðrt  rzÞ2 þ ðrz  rnÞ2 þ 6ðs2nt þ s2tz þ s2znÞ ¼ 2r2y ð4Þ
where ry is the yield stress in pure tension. Substituting the singular solution of Eq. (1) into the above von
Mises yield criterion and then solving for r = rp(a, h, /) givesrPða; h;/Þ ¼ 1
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ð5Þwhere rp(a,h,/) is the radius of crack-tip plastic zone, and f is a function of the angles a, h and /, which char-
acterizes the shape of the plastic zone rp(a,h,/).
It can be shown that the radius of crack-tip plastic zone rp( a,h,/) depends on and is directly proportional
to the square of applied stress, r2. The size of the plastic region increases with increasing loading on the body.
For evaluating the elasto-plastic boundary, only the elastic dominant stress ﬁelds in conjunction with the
von Mises yield criterion were utilized, based on the assumption of small scale yielding, SSY. The radius of
8444 L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456crack-tip plastic zone rp(a,h,/) was calculated not considering stress redistribution due to yielding. It is
assumed that a plastic region at the edge of a crack is subject to plane strain conditions. However, towards
the plate surface, plane stress dominates, giving rise to a diﬀerent shape of plastic region. The plane strain
region is stiﬀer than the plane stress region, in which deformations occur under approximately equal in-plane
principal stresses (Newman et al., 1988).
3. Prediction of crack initiation angles
3.1. Minimum radius criterion (r-criterion)
Based on the variable plastic zone radius deﬁned in Eq. (5), a criterion for the three-dimensional stress state
can be established. It is assumed that the direction of fatigue crack initiation coincides with the direction of the
minimum of the plastic zone radius, rp(a,h,/) deﬁned by the von Mises yield criterion. This means that the
fatigue crack initiation angles h0 and /0 can be determined by minimizing the rp(a,h,/) value, i.e.,orp
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4r2y
of
oh
 
h¼h0
¼ 0; o
2rp
oh2
 
h¼h0
¼ 1
4r2y
o2f
oh2
 
h¼h0
> 0 ð6aÞ
orp
o/
 
/¼/0
¼ 1
4r2y
of
o/
 
/¼/0
¼ 0; o
2rp
o/2
 
/¼/0
¼ 1
4r2y
o2f
o/2
 
/¼/0
> 0 ð6bÞBased on orp/oh = 0 and orp/o/ = 0 at h0 and /0, the directions of fatigue crack growth h0 and /0 for various
values of a around the crack periphery can be determined.
3.2. Minimum strain energy density criterion (S-criterion)
Sih (1973, 1974) presented the minimum strain energy density criterion. It states that the direction of crack
initiation coincides with the direction of minimum strain energy density, along a constant radius around the
crack tip. The range within this constant radius is known as the plastic zone, and it is assumed that LEFM
does not hold in this core range. This criterion is the only one that shows dependence of crack initiation angle
on the material elastic properties represented by the Poisson’s ratio, m and the state of the stress (Erdogan and
Sih, 1963).
The strain energy density factor S was given by Sih (1973) as follows:S ¼ a11k21 þ 2a12k1k2 þ a22k22 þ a33k23 ð7Þ
where k1, k2 and k3 are the mode I, mode II and mode III stress intensity factors, respectively, which vary with
the location along the crack border. The coeﬃcients aij, which vary with the spherical angles (h,/) measured
from the crack tip, have been given by Sih (1973) as follows:a11 ¼ jþ 1
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ð8dÞwhere l and m are the shear modulus of elasticity and Poisson’s ratio, respectively. The parameters k and j are
deﬁned in Eq. (2). In the special case of / = 0, the coeﬃcients aij reduce to those for the two-dimensional
crack problems.
It is assumed that the crack will begin to extend in certain direction in which the strain energy density factor
possesses a relative minimum value, i.e.,
L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456 8445oS
oh
 
h¼h0
¼ 0; o
2S
oh2
 
h¼h0
> 0 ð9aÞ
oS
o/
 
/¼/0
¼ 0; o
2S
@/2
 
/¼/0
> 0 ð9bÞBased on oS/oh = 0 and oS/o/ = 0 at h0 and /0, the directions of fatigue crack growth h0 and /0 for various
values of a around the crack periphery can be determined. Note that the above total strain energy is evaluated
along a circle with constant radius r around the crack tip based on the theory of elasticity.
3.3. Maximum stress triaxiality criterion (M-criterion)
Triaxial stress has a large inﬂuence on fracture behavior of materials. Kong et al. (1995) investigated eﬀects of
triaxial stress on mixed mode fracture and presented a maximum stress triaxiality criterion (M-criterion). It is
assumed that the direction of initial crack extension coincides with the direction of maximum stress triaxiality
along a constant radius around the crack tip. The stress triaxiality is deﬁned as the ratio of the stresses, i.e.,M ¼ rH
req
ð10Þwhere rH is the hydrostatic stress, req is von Mises equivalent stress at the crack tip, and they arerH ¼ rn þ rt þ rz
3
ð11aÞ
req ¼ 1
2
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ð11bÞM-criterion states that the direction of crack initiation coincides with the direction of maximum stress triax-
iality ratio along a constant radius around the crack tip. It is assumed that the angles h0 and /0 of the crack
initiation direction can be determined by maximizing the M value, i.e.,oM
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< 0 ð12bÞBased on oM/oh = 0 and oM/o/ = 0 at h0 and /0, the directions of fatigue crack growth h0 and /0 for various
values of a around the crack periphery can be determined. Note that the value of the above stress triaxiality
ratio, M, is evaluated along a circle with constant radius r around the crack tip based on the theory of
elasticity.
4. Proposed damage model
4.1. Strain energy density factor range DS
The study of fatigue crack propagation examines how a fatigue crack grows under cyclic load. This topic is
mainly dealing with the development of various models to better explain the crack propagation phenomenon.
Sih (1974) established the minimum elastic strain energy density criterion. To account for both the stress
amplitude and the mean stress level, Sih and Barthelemy (1980) proposed that instead of using Dk, the rate
of crack propagation db/dN is expressed as a function of the strain energy density factor range DS as followsdb
dN
¼ A½DSðh0Þm ð13Þwhere A and m are assumed to be material constants, which can be determined from the tests that account for
the full range of the stress and stress mean level. The parameter h0 indicates that the relevant quantities are to
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in Eq. (7). The stress intensiﬁcations corresponding to the stress range Dr = rmax  rmin are calculated by
substituting Dr for r in the equations of the stress intensity factors kj (j = 1, 2, 3). Thus, the ranges of the stress
intensity factors computed are denoted by Dk1, Dk2 and Dk3.4.2. Elasto-plastic energy balance principle
Earlier investigators, particular Griﬃth, reasoned that crack propagation occurs when the elastic energy
stored in the structure overcomes the surface energy of the material. This criterion is only deﬁned for mode
I loading and assumes the direction of crack initiation as a priori. Hussain et al. (1974) suggested a maximum
energy release rate criterion based on the Griﬃth energy principle. It is assumed that crack extension occurs
when Gmax reaches a critical value Gcr, where Gmax is the energy release rate G for crack extension in such a
direction that makes G maximum. However, these criteria are all based on elastic macroscopic considerations.
In the present analysis, a modiﬁcation has been made to this criterion to implement the consideration of the
plastic strain energy. Furthermore, this Gmax criterion is extended to study the fatigue crack growth charac-
teristics of mixed mode cracks.
The portion in the vicinity of crack tip where yielding takes place, is known as the plastic zone. The plastic
zone size is a controlling factor for a crack extension in an elasto-plastic solid. This concept is the guide for the
proposed analytical model for the rate of fatigue crack propagation. When a crack propagates, new free sur-
faces are created. During fracture, a crack needs energy to propagate, which forms the work of fracture that
must come from the internal strain energy or the work due to applied loading. Work performed during elastic
or plastic deformation is accumulated as elastic or plastic strain energy and the strain energy density is deﬁned
as the strain energy per unit volume. The criterion for the energy balance approach to fracture, which is
known as the Griﬃth theory, isGmaxdb ¼ Gcrdb ð14Þwhere the left term Gmaxdb is Irwin’s elastic strain energy (Irwin, 1968) per unit thickness due to the elastic
deformation, and the right term Gcrdb is the energy demand to create the new free surfaces. However, during
the process of crack initiation, ﬁrst of all there will be yielding at the crack tip and then the crack will start to
propagate. Therefore, the plastic strain energy accumulated in the crack tip plastic zone produced prior to the
initiation of the crack is not considered in the Griﬃth theory.
In this investigation, we propose a static fracture model where, during each loading cycle, the crack advances
by a distance db, which is assumed larger than the crack tip plastic zone size based on the small scale yielding, as
shown inFig. 3. The sumof the elastic and plastic parts of the strain energymust be equal to the energy demand to
create the new free surfaces. As the crack tip plastic zone is a region of intense activity, the strain energy release
rate in that region approaches a critical value Gcr and hence the energy balance equation can be given byGmaxdbþ Gcrrp ¼ Gcrdb ð15ÞCrack
db
Plastic zone 
Fig. 3. A static fracture model with a crack advance distance db during each loading cycle.
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value, and rp is the minimum plastic zone radius around the crack tip. As mentioned above, it is assumed that
the direction of crack growth coincides with the direction of the minimum radius of the plastic zone. There-
fore, the plastic strain energy per unit thickness accumulated in the plastic zone produced prior to the initia-
tion of the crack can be deﬁned by the term of Gcrrp (i.e., plastic strain energy released during the crack
advancing db). Note that the second term Gcrrp in Eq. (15) is a new term as compared with the Griﬃth theory.
This new term extends the Griﬃth criterion for fracture to include plastic strain energy.
For the three-dimensional crack problem, the parameters Gmax and Gcr are as follows:Gmax ¼ 1E0 ðk
2
1 þ k22Þ þ
1þ m
E0
k23 ð16aÞ
Gcr ¼ 1E0 ðk
2
1c þ k22cÞ þ
1þ m
E0
k23c ð16bÞandE0 ¼ E for plane stress
E=ð1 m2Þ for plane strain

ð17Þwhere E is Young’s modulus, m is Poisson’s ratio, and k1, k2 and k3 are the stress intensity factors for mode I,
mode II and mode III, respectively. The parameters k1c, k2c and k3c are the corresponding critical values of
stress intensity factors.
5. Crack growth prediction
5.1. Three-dimensional case
The term of rp = rp(a,h,/) in Eq. (5) can be inserted in Eq. (15) to givedb ¼ Gcrf ðk1; k2; k3; a; h0;/0ÞðGcr  GmaxÞ4r2y
ð18ÞTo apply this concept to fatigue crack propagation, we propose that all stress intensity factors in Eq. (18) be
replaced by stress intensity factor ranges, i.e., for fatigue loading, the rate of fatigue crack growth can be given
as followsdb
dN
¼ Gcrf ðDk1;Dk2;Dk3; a; h0;/0ÞðGcr  DGmaxÞ4r2y
ð19Þwhere DGmax is the range of strain energy release rate in the crack propagation direction and can be expressed
asDGmax ¼ 1E0 ðDk
2
1 þ Dk22Þ þ
1þ m
E0
Dk23 ð20ÞTherefore, the total number of cycles to failure (Nf) can be obtained by integrating Eq. (19) from an initial
crack depth (bi) to a ﬁnal crack depth (bf) as:N f ¼
Z bf
bi
ðGcr  DGmaxÞ4r2y
Gcrf ðDk1;Dk2;Dk3; a; h0;/0Þ
db ð21Þ5.2. Two-dimensional case
For the case of the mode I and mode II loadings, the von Mises yield criterion for plane strain condition is
given byðrn  rtÞ2 þ ðrt  rzÞ2 þ ðrz  rnÞ2 þ 6ðs2nzÞ ¼ 2r2y ð22Þ
8448 L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456Substituting the singular solution of Eq. (1) into the above von Mises yield criterion and then solving for
r = rp(h)rPðhÞ ¼ 1r2y
3
8
k21  98 k22
	 

sin2 hþ ½1
2
ð1 2mÞ2k21 þ 32 k22 cos2 h2
þ2ð1 mþ m2Þk22 sin2 h2þ ½34 sin 2h 12 ð1 2mÞ2 sin hk1k2
( )
¼ 1
r2y
f ðk1; k2; hÞ
ð23Þwhere rp(h) is the radius of crack-tip plastic zone for the mode I and II loadings. Note that f in Eq. (23) is a
function of the angle h, which characterizes the shape of the plastic zone rp(h).
Therefore, for the case of a = 90 and x = 90, substituting rp = rp(h) in Eq. (23) into Eq. (15), the rate of
fatigue crack growth for the mode I and mode II loadings can be deﬁned as followsdb
dN
¼ Gcrf ðDk1;Dk2; h0ÞðGcr  DGmaxÞr2y
ð24Þwhere DGmax is the range of strain energy release rate in the crack propagation direction and can be expressed
asDGmax ¼ 1E0 ðDk
2
1 þ Dk22Þ ð25Þ5.3. One-dimensional case
For the special case of uniaxial tensile loading, i.e. mode I, at the centre line of the crack, the radius of
crack-tip plastic zone becomesrP ¼ k
2
1
r2y
3
8
sin2 hþ 1
2
ð1 2mÞ2 cos2 h
2
h i
ð26Þ
¼ k
2
1
r2y
f ðhÞNote that f in Eq. (26) is a function of the angle h, which characterizes the shape of the plastic zone rp(h).
Therefore, for the special case of mode I loading, substituting rp = rp(h) in Eq. (26) into Eq. (15), the rate of
fatigue crack growth for the mode I loading can be deﬁned bydb
dN
¼ GcrDk
2
1f ðh0Þ
ðGcr  DGmaxÞr2y
ð27Þwhere DGmax is the range of strain energy release rate in the crack propagation direction and can be expressed
asDGmax ¼ 1E0 ðDk
2
1Þ ð28ÞThe present fatigue life model includes the eﬀects of material properties like Young’s modulus E, Poisson’s
ratio m and yield strength ry, and stress intensity factor range Dk, fracture toughness k1c and crack initia-
tion/growth angle h0, which can be determined based on the previous discussion.
6. Specimens and experimental details
In the present investigation, ﬁve diﬀerent materials were employed. Tables 1 and 2 show the material prop-
erties of the specimens used. Note that the material of spheroidal graphite cast iron was employed for the
prediction of crack initiation angles, and others were for the fatigue life predictions. It is assumed that unsta-
ble crack propagation occurs when the stress intensity factor k reaches a critical value kc that is material
Table 1
Material parameters of spheroidal graphite cast iron specimens for the prediction of crack initiation angles and fatigue lives
Yield stress (MPa) Ultimate stress (MPa) Elongation (%) Young’s modulus, E (GPa) Poisson’s ratio m
415 562 5 182 0.17
Loading angle b (deg) Crack growth angle h0 (deg) k1c [MPa Æ
p
m] k2c [MPa Æ
p
m] A [m/cycle] m
60 34.2 21.8 6.53 7.3 · 1011 7.0
30 56.8 16.5 13.7 7.3 · 1011 7.0
Table 2
Material properties of the specimens for the prediction of fatigue lives
Material ru (MPa) ry (MPa) l (GPa) m Elongation (%)
INCO901 alloy 1152 835 76.8 0.30 11
2S96D steel 915 787 82.6 0.30 13
Aluminum alloy 7079-T6 638 532 28.7 0.31 10
Ductile iron D7003 693 506 50.2 0.30 6
L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456 8449dependent and is referred to as its fracture toughness. For mode I deformation under plane strain, the critical
value for fracture is designated k1c, which has units of MPa Æ
p
m. This inherent material property can be mea-
sured under the procedures prescribed by BS 5447 (2000). For determining fracture toughness k1c, the compact
tension (CT) specimens (Richard, 1985), shown in Fig. 4, were employed in the present investigation. The
specimen dimensions were 25 mm in width (W) and 5 mm in thickness (t). The initial notch, which was intro-
duced by electro-discharge machining (EDM), was 12.5 mm deep (b). The stress intensity factor k1 for the CT
specimens is given by BS 5447 (2000) as followsk1 ¼ P
ﬃﬃﬃﬃﬃ
pb
p
Wt
1
1 bW
	 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:26þ 2:65 bWb
	 

1þ 0:55 bWb
	 
 0:08 bWb	 
2
vuut ð29Þwhere P is the applied force, b is crack depth,W is the width of the specimen, t is the thickness of the specimen.
These CT specimens were pre-cracked and loaded in a servo-hydraulic MTS testing machine using a cross-
head speed of 1.0 mm/min. The information of load versus displacement was recorded and used for critical
value computation at crack initiation. The fracture load was determined, and Eq. (29) for stress intensity fac-
tors was used to compute the critical values. The critical values of the stress intensity factor obtained for pure
mode I condition are given in Table 3. From the experimentally measured values of k1c, the crack growth or
the fatigue life, based on the present model, can be predicted using equations obtained.
In this study, a commonly employed mixed mode fracture criterion, i.e., Eq. (13) was used for a compar-
ison. In general, the material constants A and m can be determined by means of an empirical ﬁt of crack
growth data from the experiments. In this investigation, the same CT specimens mentioned above were5
7
12.5
25
42 26
Fig. 4. Compact tension (CT) fracture specimen (in mm).
Table 3
Fracture parameters of the specimens for the prediction of fatigue lives
Material Loading angle b (deg) Crack growth angle h0 (deg) A (m/cycle) m k1c (MPa Æ
p
m)
INCO901 Alloy 90 0 4.26 · 1013 2.9 65.2
2S96D Steel 90 0 2.51 · 1013 3.0 79.1
Aluminum Alloy 7079-T6 90 0 1.12 · 1011 2.2 31.0
Ductile Iron D7003 90 0 2.33 · 1012 3.2 26.0
8450 L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456employed to determine the material constants. The tests were conducted on a servo-hydraulic MTS testing
machine, and the stress ratio (R = rmin/rmax) of 0.1 was employed during the tests. Fig. 5a–d show the crack
growth behaviour in terms of db/dN vs DS. The least square ﬁt lines are also shown in these ﬁgures with the
experimental points. The values of A and m obtained from the least square ﬁt line are summarized in Table 3.
To predict crack initiation angles and fatigue lives, the experimental studies of mixed mode fatigue crack
growth were conducted on the specimens of rectangular plates with length 340 mm, width 50 mm and thick-
ness 10 mm and machined parallel to the original rolling direction of the plate. The initial semi-elliptical sur-
face notches were introduced to the specimens by electro-discharge machining (EDM), and the aspect ratio of
ﬂaws introduced was at b/2a = 5/30, where b = 5 mm and 2a = 30 mm, as shown in Figs. 1 and 2. In fact, the
loading direction was deﬁned by two angles, i.e., b and x. In the present study, however, loading angle b was
varied between 0 and 90 and the angle x was set to 90 for all the cases analyzed. For simplicity in setting-up
the test, we ﬁxed the axial loading at b = 90 and made starter notches of diﬀerent inclined angles instead of
varying the loading angle b, as shown in two side elevations of Fig. 1. The environment for all tests was lab-
oratory air, maintained at constant temperature (25 degrC) and relative humidity (50 percent).
In the present investigation, the Model U10 ACFM Crack Microgauge (Lugg, 1992), i.e., AC potential
drop technique, was used to monitor crack growth during the test. This instrument together with the tai-
lored-made software can show a semi-elliptical crack proﬁle measured, e.g., crack depth, and the correspond-
ing number of cycles during the fatigue test. More details about the crack length measurements applying
potential drop technique are given by Lugg (1992). The fatigue tests were conducted on a 100 kN servo-
hydraulic testing machine under a constant amplitude, sinusoidal, tension-to-tension loading at a frequency
of 2.0 Hz. During the tests the R-ratio for all loading angles was kept constant as 0.1. Also, maximum and
minimum load values were kept constant for all the loading angles. The crack initiation and its subsequent
propagation from ﬂaws were monitored by measuring the potential diﬀerence across the crack faces and
recorded from time to time until the complete failure of the specimen.7. Discussion
It is evident that the crack propagation path can not be predicted without having the knowledge of the
angle of crack initiation. The study of crack initiation angle is also as much important in dealing with arresting
the crack. The problem needs to be studied in mixed mode fracture since the state of loading at the crack tip
could be very complex and may result in mixed mode fracture. Many criteria have been proposed to predict
crack initiation angles under mixed mode loading. However, most of them are based on the incorrect assump-
tion of the crack tip plastic zone radius being a constant value. Furthermore, the available criteria have
assessed mixed mode I and mode II loading conditions, and not the mode I, mode II and mode III fracture.
In the present investigation, an attempt is made to establish a general criterion for the prediction of mixed
mode I, mode II and mode III crack initiation angles. We present a detailed analysis of the plastic zone
and show strong dependence of mixed mode crack initiation angles on the shape of the crack tip plastic zone.
It is obvious that the value of r is not constant around the crack tip. In fact, it depends explicitly, not only on
the material properties of the plate, but also on the angular direction around the crack tip. For a better pre-
diction of mixed mode crack initiation angles, a three-dimensional minimum radius criterion based on the
shape of the crack tip plastic zone is proposed in this study.
A computer program was written to determine the plastic zone size at the crack tip of the steel plate. Fig. 6
shows the crack-tip plastic zones computed in the case of a = 90 for three diﬀerent loading angles, i.e.,
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Fig. 5. (a) A plot of db/dN vs DS with least square ﬁt line for INCO901 alloy. (b) A plot of db/dN vs DS with least square ﬁt line for
2S96D steel. (c) A plot of db/dN vs DS with least square ﬁt line for aluminum alloy. (d) A plot of db/dN vs DS with least square ﬁt line for
ductile iron.
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Fig. 6. The von Mises crack-tip plastic zones at the location of a = 90 along the semi-elliptical crack periphery for loading angle b = 90,
60 and 30.
8452 L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456b = 90, 60 and 30. Note that the specimen surface is assumed to be at a state of plane stress, whereas, the
centre line of the crack is at plane strain. The same loading and yield strength are employed for calculations in
three cases. It can be seen from Fig. 6 that the shape of the plastic zone obtained has two symmetrical lobes
about the crack for the case of b = 90. This is because in the case where a = 90, the problems are two frac-
ture-mode types, i.e., mode I and mode II, but when b = 90, the problem is reduced to one fracture-mode
type, i.e., mode I. In fact, when b = 90 all locations along the crack border are subjected to mode I fracture.
For the case of b = 60 or 30, however, the shape of the plastic zone has two non-symmetrical lobes about the
crack, and the crack tip is within the plastic zone. This may be due to the combination of two fracture mode I
and mode II loadings. The crack growth directions are on the right upper sides of the plastic zone where the
radius is locally minimum, and the minimum values below the crack are where the circumferential stress
becomes compressive. Therefore, for the numerical predictions, the value of the crack growth angle h0 is posi-
tive, i.e., h0 is less than 90.
Fig. 7a–d show the variation of the crack initiation angles, h0 versus the corresponding loading angles, b for
diﬀerent locations, i.e., a = 30, 45, 60 and 90 along the crack periphery. The experimental values of the
fatigue crack initiation angles are compared with those obtained based on the three diﬀerent criteria, i.e., min-
imum radius criterion (r-criterion), minimum strain energy density criterion (S-criterion) and maximum stress
triaxiality criterion (M-criterion). Note that the experimental values of fatigue crack initiation angle, h0, were
measured from the crack surface by using an accurate angle measurement meter, and we only present the h0
data for spheroidal graphite cast iron plates. In order to provide a better prediction of the mixed mode fatigue
crack growth process, a minimum radius criterion for three-dimensional cracks is proposed to determine the
direction of fatigue crack initiation. It can be observed from Fig. 7a–d that the introduction of a plastic zone
with a variable radius aﬀects the expected angle of crack initiation. It is interesting to note that the results
obtained using the minimum radius criterion is, in most cases, in better agreement with the experimental data
as compared with the corresponding fracture criteria. The direction of the fatigue crack propagation from the
inclined crack is not conﬁned to the original plane of the crack, but is found to be roughly perpendicular to the
axis of loading for all the loading angles b analyzed. It can be also observed from Fig. 7a–d that the theoretical
values of h0 in magnitude are higher than the corresponding experimental data for all the cases studied. Fur-
thermore, the results obtained from the strain energy density theory are, in most cases, closer to the test data
as compared with those obtained from the maximum stress triaxiality theory.
For a better prediction of the fatigue life, an analytical crack growth model, which accounts for the elasto-
plastic energy balance at the crack tip, is proposed in the present investigation. The paper studies, among other
things, the impact of using other crack tip parameters, such as the radius of crack-tip plastic zone rp, to model
crack growth rate and to assess the diﬀerences induced by the use of diﬀerent parameters. The proposed model
has been used to calculate fatigue lives for the materials studied. As the crack grows during the cyclic loading,
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Fig. 7. (a) Plot of crack initiation angles h0 vs loading angles b at a = 30 (x = 90). (b) Plot of crack initiation angles h0 vs loading angles
b at a = 45 (x = 90). (c) Plot of crack initiation angles h0 vs loading angles b at a = 60 (x = 90). (d) Plot of crack initiation angles h0 vs
loading angles b at a = 90 (x = 90).
L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456 8453the crack shape b/2a or b/a and, hence, the stress intensity factor range Dk1 at diﬀerent parts of the crack will
continuously change, i.e., the crack grows in a non-self-similar manner. It has been found that the ratio b/a is
not constant, but increases quickly during the fatigue crack propagation (Bian and Lim, 2003). This means
that the stress intensity factor range is a function of the ratio b/a during the fatigue crack propagation. There-
fore, in the present analysis, ﬁve diﬀerent crack shapes (each representing a crack propagating stage) were used
in the numerical analysis for predicting the fatigue life (loading cycles) from crack initiation to ﬁnal failure.
These diﬀerent crack shapes were determined on the basis of the beach marks produced on the crack surface
during the fatigue tests (Bian et al., 2006).
From a series of experiments, Elber (1970) observed that the crack was closed at the tip over the lower por-
tion of the loading cycles and became open only after the applied stress exceeded a certain level, i.e., crack
opening stress rop. He suggested that fatigue crack growth can only occur during that portion of the loading
cycle in which the crack is fully open. This eﬀect, which is called fatigue crack closure, was the key to the phe-
nomenological understanding of a number of experimental observations. In the present investigation, for sim-
plicity, no crack closure eﬀects are assumed in the fatigue life prediction. Note that the focus of the present
8454 L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456analysis is that the results obtained based on the proposed damage model give a better predication as com-
pared with those obtained based on the classical law, i.e., DS-endurance equation.
The results of the special case of uniaxial tensile loading are presented for four diﬀerent materials analyzed
in Fig. 8. The theoretical predictions are compared with actual data obtained from fatigue crack propagation
tests. Fig. 8a–d show the variation of the number of fatigue loading cycles versus the corresponding crack
depth at the centre line of the crack for loading angle b = 90. Note that curves SED and Model are from
Eqs. (13) and (27), respectively. Curve Model is obtained on the basis of the present elasto-plastic energy
model. From these ﬁgures, it is clearly evident that the behavior of fatigue crack extension is inﬂuenced by
the plastic zone formed at the crack tip. It is noted that the elasto-plastic energy damage model proposed pre-
dicts faster crack growth rates than those obtained based on the classical strain energy density law, and the
former are in better agreement with the experimental observations.
For the material of spheroidal graphite cast iron, the results of mixed mode fatigue crack growth were
obtained to verify the new energy theory proposed in the paper. In Table 1, the material parameters for fatigue
life predictions were taken from Bulloch (1992). Figs. 9a and b show the variation of the number of fatigue
loading cycles versus the corresponding crack depth at the centre line (a = 90) of the crack for inclined angles
b = 60 and 30. Curves SED and Model are from Eqs. (13) and (24), respectively. Note that curve SED is
obtained based on the commonly employed DS-endurance equation, whereas curve Model is obtained based5
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Fig. 8. (a) Crack depth versus the number of cycles for INCO901 alloy. (b) Crack depth versus the number of cycles for 2S96D steel. (c)
Crack depth versus the number of cycles for aluminum alloy. (d) Crack depth versus the number of cycles for ductile iron.
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L.C. Bian / International Journal of Solids and Structures 44 (2007) 8440–8456 8455on the elasto-plastic strain energy model proposed. It can be seen from these ﬁgures that the results obtained
by considering both elastic and plastic strain energy give a better predication as compared with those obtained
without considering plastic strain energy.
Unlike Eq. (13), Eq. (24) or (27) dose not involve the constants A and m. Investigations show that all the
power laws are controversial. All tests show that diﬀerent materials have diﬀerent power values and the
value of m, determined by the experiments, varies between 2 and 8 for some materials (Jeong, 1995).
The theoretical model proposed is unique in that it enables possible predictions of fatigue life to be made
without the necessity of ﬁrst determining experimental material constants from actual crack propagation
data. The present developed model includes the eﬀects of material properties like Young’s modulus E, Pois-
son’s ratio m and yield strength ry, and stress intensity factor range Dk, fracture toughness k1c and crack
initiation/growth angle h0. The principle value of the developed model is that it indicates the factors which
are important in assessing crack growth, and it therefore helps in our understanding of the desired material
properties.8. Conclusions
Based on the diﬀerent criteria, a detailed analysis of fatigue crack growth under three-dimensional
mixed mode loading conditions as commonly encountered in engineering structures is presented. To
develop a new minimum radius criterion, a variable radius of the plastic zone based on the von Mises
yield criterion is deﬁned. The value of radius r depends explicitly, not only on the material properties
of the plate, but also on the angular direction around the crack tip. To predict the fatigue life, a new
elasto-plastic energy model is presented. A modiﬁcation has been made to Gmax criterion to implement
the consideration of the plastic strain energy. The results predicted using the proposed model are in better
agreement with the test data as compared with those obtained using the corresponding strain energy den-
sity law equation. It is found that the new model is eﬀective and oﬀers an improvement over existing
model in predicting the fatigue life.Acknowledgement
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